
1.3 Functions

What you should learn
� Decide whether a relation between two 

variables represents a function.

� Use function notation and evaluate
functions.

� Find the domains of functions.

� Use functions to model and solve real-life
problems.

� Evaluate difference quotients.

Why you should learn it
Many natural phenomena can be modeled by
functions, such as the force of water against
the face of a dam, explored in Exercise 89 on
page 114.

Kunio Owaki/Corbis
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Introduction to Functions
Many everyday phenomena involve pairs of quantities that are related to each
other by some rule of correspondence. The mathematical term for such a rule of
correspondence is a relation. Here are two examples.

1. The simple interest earned on an investment of $1000 for 1 year is related to
the annual interest rate by the formula 

2. The area of a circle is related to its radius by the formula 

Not all relations have simple mathematical formulas. For instance, people
commonly match up NFL starting quarterbacks with touchdown passes, and
hours of the day with temperature. In each of these cases, there is some relation
that matches each item from one set with exactly one item from a different set.
Such a relation is called a function.

A � �r2.rA

I � 1000r.r
I

To help understand this definition, look at the function that relates the time
of day to the temperature in Figure 1.29.

Figure 1.29

This function can be represented by the ordered pairs 
In each ordered pair, the first coordinate (x-value) is

the input and the second coordinate (y-value) is the output.
�4, 15��, �5, 12��, �6, 10���.

�3, 15��,��1, 9��, �2, 13��,

Time of day (P.M.) Temperature (in degrees C)

Set is the domain.
Inputs: 1, 2, 3, 4, 5, 6

A Set contains the range.
Outputs: 9, 10, 12, 13, 15

B
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Definition of a Function

A function from a set to a set is a relation that assigns to each element
in the set exactly one element in the set The set is the domain (or

set of inputs) of the function and the set contains the range (or set of
outputs).

Bf,
AB.yAx

BAf

Characteristics of a Function from Set A to Set B

1. Each element of must be matched with an element of 

2. Some elements of may not be matched with any element of 

3. Two or more elements of may be matched with the same element
of 

4. An element of A (the domain) cannot be matched with two different
elements of B.

B.
A

A.B

B.A
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Input, x 2 2 3 4 5

Output, y 11 10 8 5 1

102 Chapter 1 Functions and Their Graphs

Example 1 Testing for Functions

Decide whether the relation represents y as a function of x.

a. b.

Figure 1.30

Solution
a. This table does not describe y as a function of x. The input value 2 is matched

with two different y-values.

b. The graph in Figure 1.30 does describe y as a function of x. Each input value
is matched with exactly one output value.

Now try Exercise 5.

−1 1 2

3

2

1

−1

−2

−3

3−2−3
x

y

Library of Functions: Data Defined Function

Many functions do not have simple mathematical formulas, but are defined
by real-life data. Such functions arise when you are using collections of data
to model real-life applications. Functions can be represented in four ways.

1. Verbally by a sentence that describes how the input variables are related to
the output variables

Example: The input value is the election year from 1952 to 2004 and
the output value is the elected president of the United States.

2. Numerically by a table or a list of ordered pairs that matches input values
with output values

Example: In the set of ordered pairs 
the input value is the age of a male child in years and the 

output value is the height of the child in inches.

3. Graphically by points on a graph in a coordinate plane in which the input
values are represented by the horizontal axis and the output values are
represented by the vertical axis

Example: See Figure 1.30.

4. Algebraically by an equation in two variables

Example: The formula for temperature, where is the 
temperature in degrees Fahrenheit and is the temperature in degrees
Celsius, is an equation that represents a function. You will see that it is
often convenient to approximate data using a mathematical model or
formula.

C
FF �

9
5C � 32,

�10, 54��,
�8, 50�,�6, 45�,�4, 40�,��2, 34�,

y
x STUDY TIP

To determine whether or not a
relation is a function, you must
decide whether each input value
is matched with exactly one 
output value. If any input value
is matched with two or more
output values, the relation is 
not a function.

STUDY TIP

Be sure you see that the range
of a function is not the same as
the use of range relating to the
viewing window of a graphing
utility.

Prerequisite Skills

When plotting points in a coordinate
plane, the x-coordinate is the directed
distance from the y-axis to the point,
and the y-coordinate is the directed
distance from the x-axis to the point.
To review point plotting, see 
Section P.5.

Have your students pay special attention to
the concepts of function, domain, and range,
because they will be used throughout this
text and in calculus.
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In algebra, it is common to represent functions by equations or formulas
involving two variables. For instance, the equation represents the variable
y as a function of the variable In this equation, is the independent variable
and is the dependent variable. The domain of the function is the set of all
values taken on by the independent variable and the range of the function is the
set of all values taken on by the dependent variable y.

x,
y

xx.
y � x2

Section 1.3 Functions 103

Example 2 Testing for Functions Represented Algebraically

Which of the equations represent(s) as a function of 

a. b.

Solution
To determine whether y is a function of try to solve for in terms of 

a. Solving for yields

Write original equation.

Solve for 

Each value of corresponds to exactly one value of So, is a function of 

b. Solving for yields

Write original equation.

Add to each side.

Solve for 

The indicates that for a given value of there correspond two values of 
For instance, when So, is not a function of 

Now try Exercise 19.

Function Notation
When an equation is used to represent a function, it is convenient to name the
function so that it can be referenced easily. For example, you know that the
equation describes as a function of Suppose you give this
function the name “ .” Then you can use the following function notation.

Input Output Equation

The symbol is read as the value of at or simply of The symbol 
corresponds to the -value for a given So, you can write Keep in mind
that f is the name of the function, whereas is the output value of the function
at the input value In function notation, the input is the independent variable and
the output is the dependent variable. For instance, the function has
function values denoted by and so on. To find these values,
substitute the specified input values into the given equation.

For 

For f �0� � 3 � 2�0� � 3 � 0 � 3.x � 0,

f ��1� � 3 � 2��1� � 3 � 2 � 5.x � �1,

f ��1�, f �0�,
f �x� � 3 � 2x

x.
f �x�

y � f �x�.x.y
f �x�x.fxff �x�

f �x� � 1 � x2f �x�x

f
x.yy � 1 � x2

x.yx � 3, y � 2 or y � �2.
y.x±

y. y � ±�1 � x.

x y2 � 1 � x

 �x � y2 � 1

y

x.yy.x

y. y � 1 � x2.

 x2 � y � 1

y

x.yx,

�x � y2 � 1x2 � y � 1

x?y

E x p l o r a t i o n
Use a graphing utility to graph

Then use the graph
to write a convincing argument
that each -value has at most
one -value.

Use a graphing utility to graph
(Hint: You will

need to use two equations.)
Does the graph represent as 
a function of Explain.x?

y

�x � y2 � 1.

y
x

x2 � y � 1.

T E C H N O L O G Y T I P

You can use a graphing utility 
to evaluate a function. Go to 
this textbook’s Online Study
Center and use the Evaluating an
Algebraic Expression program.
The program will prompt you 
for a value of and then evaluate
the expression in the equation
editor for that value of Try
using the program to evaluate
several different functions of x.

x.

x,

Understanding the concept of functions 
is essential. Be sure students understand
function notation. Frequently, is 
misinterpreted as “ times x” rather than 
“ of x.”f

f
f �x�
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Although is often used as a convenient function name and is often used as
the independent variable, you can use other letters. For instance,

and

all define the same function. In fact, the role of the independent variable is that of
a “placeholder.” Consequently, the function could be written as

f ��� � ���2 � 4��� � 7.

g�s� � s2 � 4s � 7f �t� � t2 � 4t � 7,f �x� � x2 � 4x � 7,

xf

104 Chapter 1 Functions and Their Graphs

Library of Parent Functions: Piecewise-Defined Function

A piecewise-defined function is a function that is defined by two or more
equations over a specified domain. The absolute value function given by

can be written as a piecewise-defined function. The basic 
characteristics of the absolute value function are summarized below. A
review of piecewise-defined functions can be found in the Study Capsules.

Graph of 

Domain:
Range:
Intercept:
Decreasing on 
Increasing on �0, ��

���, 0�
�0, 0�

�0, ��
���, ��

x

y

−1−2 2
−1

−2

1

2

(0, 0)

f(x) = ⏐x⏐

 f�x� � �x� � 	x,
�x,     

x ≥ 0
x < 0

f�x� � �x�

Example 3 Evaluating a Function

Let Find (a) (b) and (c) 

Solution
a. Replacing with 2 in yields the following.

b. Replacing with yields the following.

c. Replacing with yields the following.

Substitute for x.

Multiply.

Distributive Property

Simplify.

Now try Exercise 29.

In Example 3, note that is not equal to In general,
g�u � v� � g�u� � g�v�.

g�x� � g�2�.g�x � 2�

 � �x2 � 5

 � �x2 � 4x � 4 � 4x � 8 � 1

 � ��x2 � 4x � 4� � 4x � 8 � 1

x � 2 g�x � 2� � ��x � 2�2 � 4�x � 2� � 1

x � 2x

g�t� � ��t�2 � 4�t� � 1 � �t2 � 4t � 1

tx

g�2� � ��2�2 � 4�2� � 1 � �4 � 8 � 1 � 5

g�x� � �x2 � 4x � 1x

g�x � 2�.g�t�,g�2�,g�x� � �x2 � 4x � 1.

Additional Example
Evaluate at 

Solution
Because is less than or equal to 1,
use to obtain

For use to obtain

For use to obtain
f �3� � 3�3� � 2 � 11.

f �x� � 3x � 2x � 3,

f �1� �
1
2

� 1 � 1
1
2

.

f �x� � �x
2� � 1x � 1,

f �0� �
0
2

� 1 � 1.

f �x� � �x
2� � 1
x � 0

 f �x� � 	x
2 � 1,

3x � 2,

     x ≤ 1

     
x > 1

x � 0, 1, 3.
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The Domain of a Function
The domain of a function can be described explicitly or it can be implied by 
the expression used to define the function. The implied domain is the set of all
real numbers for which the expression is defined. For instance, the function

has an implied domain that consists of all real x other than These two
values are excluded from the domain because division by zero is undefined.
Another common type of implied domain is that used to avoid even roots of 
negative numbers. For example, the function

is defined only for So, its implied domain is the interval In general,
the domain of a function excludes values that would cause division by zero or
result in the even root of a negative number.

�0, ��.x ≥ 0.

 f�x� � �x

x � ±2.

 f�x� �
1

x2 � 4

Section 1.3 Functions 105

Example 4 A Piecewise–Defined Function

Evaluate the function when and 

Solution
Because is less than 0, use to obtain

For use to obtain

Now try Exercise 37.

 f�0� � 0 � 1 � �1.

f �x� � x � 1x � 0,

 f��1� � ��1�2 � 1 � 2.

f �x� � x2 � 1x � �1

 f�x� � 	x2 � 1,   
x � 1,    

x < 0
     x ≥ 0

x � 0.x � �1

Library of Parent Functions: Radical Function

Radical functions arise from the use of rational exponents. The most
common radical function is the square root function given by 
The basic characteristics of the square root function are summarized below.
A review of radical functions can be found in the Study Capsules.

Graph of 

Domain:
Range:
Intercept:
Increasing on �0, ��

�0, 0�
�0, ��

�0, ��

x

y

−1 2 3 4
−1

1

2

3

4

(0, 0)

f(x) =     x

f�x� � �x

f�x� � �x.

E x p l o r a t i o n
Use a graphing utility to graph

What is the
domain of this function? Then
graph What is
the domain of this function? 
Do the domains of these two
functions overlap? If so, for
what values?

y � �x 2 � 4.

y � �4 � x2 .

Domain excludes x-values that
result in division by zero.

Domain excludes x-values that result
in even roots of negative numbers.

STUDY TIP

Because the square root 
function is not defined for

you must be careful 
when analyzing the domains of
complicated functions involving
the square root symbol.

x < 0,

Most graphing utilities can graph
piecewise-defined functions. 
For instructions on how to enter 
a piecewise-defined function 
into your graphing utility,
consult your user’s manual. 
You may find it helpful to set
your graphing utility to dot mode
before graphing such functions.

T E C H N O L O G Y T I P
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106 Chapter 1 Functions and Their Graphs

−6

−2

6

6

f(x) =     9 − x2

Figure 1.31

Example 5 Finding the Domain of a Function

Find the domain of each function.

a.

b.

c.

d. Volume of a sphere:

e.

Solution
a. The domain of consists of all first coordinates in the set of ordered pairs.

Domain

b. The domain of is the set of all real numbers.

c. Excluding -values that yield zero in the denominator, the domain of is the
set of all real numbers except 

d. Because this function represents the volume of a sphere, the values of the
radius must be positive. So, the domain is the set of all real numbers such
that 

e. This function is defined only for -values for which By solving
this inequality, you will find that the domain of is all real numbers that are
less than or equal to 

Now try Exercise 59.

In Example 5(d), note that the domain of a function may be implied by the
physical context. For instance, from the equation you would have no
reason to restrict r to positive values, but the physical context implies that a
sphere cannot have a negative or zero radius.

For some functions, it may be easier to find the domain and range of the
function by examining its graph.

V �
4
3�r3,

4
3.

k
4 � 3x ≥ 0.x

r > 0.
rr

x � �5.x
hx

g

� ��3, �1, 0, 2, 4�

f

k�x� � �4 � 3x

V �
4
3�r3

h�x� �
1

x � 5

g�x� � �3x2 � 4x � 5

f : ���3, 0�, ��1, 4�, �0, 2�, �2, 2�, �4, �1��

Example 6 Finding the Domain and Range of a Function

Use a graphing utility to find the domain and range of the function

Solution
Graph the function as as shown in Figure 1.31. Using the trace
feature of a graphing utility, you can determine that the x-values extend from 
to 3 and the y-values extend from 0 to 3. So, the domain of the function f is all
real numbers such that and the range of f is all real numbers such
that 

Now try Exercise 67.

0 ≤ y ≤ 3.
�3 ≤ x ≤ 3

�3
y � �9 � x2,

f�x� � �9 � x2.

Prerequisite Skills

In Example 5(e), 4 3x 0 is a linear
inequality. To review solving of 
linear inequalities, see Appendix D.
You will study more about inequalities
in Section 2.5.

≥�
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Section 1.3 Functions 107

Example 7 Cellular Communications Employees

The number (in thousands) of employees in the cellular communications
industry in the United States increased in a linear pattern from 1998 to 2001 (see
Figure 1.32). In 2002, the number dropped, then continued to increase through
2004 in a different linear pattern. These two patterns can be approximated by the
function

where represents the year, with corresponding to 1998. Use this function
to approximate the number of employees for each year from 1998 to 2004.
(Source: Cellular Telecommunications & Internet Association)

Solution
From 1998 to 2001, use 

134.4, 157.9, 181.4, 204.9

1998 1999 2000 2001

From 2002 to 2004, use 

191.2, 208.0, 224.8

2002 2003 2004

Now try Exercise 87.

N�t� � 16.8t � 10.4.

N�t� � 23.5t � 53.6.

t � 8t

N(t� � 	23.5t
16.8t

�

�

53.6,
10.4,
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≤
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t

N

Cellular Communications
Employees

Figure 1.32

Example 8 The Path of a Baseball

A baseball is hit at a point 3 feet above the ground at a velocity of 100 feet per
second and an angle of The path of the baseball is given by the function

where x and are measured in feet. Will the baseball clear a 10-foot fence
located 300 feet from home plate?

f �x�
f �x� � �0.0032x2 � x � 3

45�.

Graphical Solution
Use a graphing utility to graph the function

Use the value feature or
the zoom and trace features of the graphing utility
to estimate that when as shown in
Figure 1.33. So, the ball will clear a 10-foot fence.

Figure 1.33

0
0 400

100

x � 300,y � 15

y � �0.0032x2 � x � 3.

 

 

Applications

Algebraic Solution
The height of the baseball is a function of the horizontal distance
from home plate. When you can find the height of the
baseball as follows.

Write original function.

Substitute 300 for 

Simplify.

When the height of the baseball is 15 feet, so the base-
ball will clear a 10-foot fence.

Now try Exercise 89.

x � 300,

 � 15

x. f�300� � �0.0032�300�2 � 300 � 3

 f�x� � �0.0032x2 � x � 3

x � 300,
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Difference Quotients
One of the basic definitions in calculus employs the ratio

This ratio is called a difference quotient, as illustrated in Example 9.

h � 0.
f �x � h� � f �x�

h
,

108 Chapter 1 Functions and Their Graphs

Summary of Function Terminology

Function: A function is a relationship between two variables such that to
each value of the independent variable there corresponds exactly one value
of the dependent variable.

Function Notation:

is the name of the function.
is the dependent variable, or output value.
is the independent variable, or input value.

is the value of the function at 

Domain: The domain of a function is the set of all values (inputs) of the
independent variable for which the function is defined. If is in the domain
of is said to be defined at If is not in the domain of is said to be
undefined at 

Range: The range of a function is the set of all values (outputs) assumed by
the dependent variable (that is, the set of all function values).

Implied Domain: If is defined by an algebraic expression and the domain
is not specified, the implied domain consists of all real numbers for which
the expression is defined.

f

x.
f, fxx.f, f

x

x.f �x�
x
y
f

y � f �x�

The symbol indicates an example or exercise that highlights algebraic techniques specifically used

in calculus.

STUDY TIP

Notice in Example 9 that 
cannot be zero in the original
expression. Therefore, you 
must restrict the domain of the
simplified expression by adding

so that the simplified
expression is equivalent to the
original expression.

h � 0

h

Example 9 Evaluating a Difference Quotient

For find 

Solution

Now try Exercise 93.

� 2x � h � 4,  h � 0 �
h�2x � h � 4�

h

 �
2xh � h2 � 4h

h

 �
x2 � 2xh � h2 � 4x � 4h � 7 � x2 � 4x � 7

h

 
f �x � h� � f �x�

h
�

��x � h�2 � 4�x � h� � 7� � �x2 � 4x � 7�
h

f �x � h� � f �x�
h

.f�x� � x2 � 4x � 7,

Activities
1. Evaluate for

a.
b.
c.

Answers:

a.
b.
c.

2. Determine if y is a function of x:

Answer: No

3. Find the domain:

Answer: All real numbers except
x � �1

x

f �x� �
3

x � 1
.

2x3 � 3x2y2 � 1 � 0.

3h � 2xh � h2

�x2 � x � 4
�16

f �x � h� � f �x�
f �x � 1�
f ��3�

f �x� � 2 � 3x � x2
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Input, x 0 1 2 1 0

Output, y �4 �2 0 2 4

Section 1.3 Functions 109

In Exercises 1– 4, does the relation describe a function?
Explain your reasoning.

1. 2.

3. 4.

In Exercises 5–8, decide whether the relation represents y
as a function of x. Explain your reasoning.

5.

6.

7.

8.

In Exercises 9 and 10, which sets of ordered pairs represent
functions from A to B? Explain.

9. and 

(a)

(b)

(c)

(d)

10. and 

(a)

(b)

(c)

(d) ��c, 0�, �b, 0 �, �a, 3��
��1, a�, �0, a�, �2, c�, �3, b��
��a, 1�, �b, 2�, �c, 3��
��a, 1�, �c, 2�, �c, 3�, �b, 3��

B � �0, 1, 2, 3�A � �a, b, c�
��0, 2�, �3, 0�, �1, 1��
��0, 0�, �1, 0�, �2, 0�, �3, 0��
��0, �1�, �2, 2�, �1, �2�, �3, 0�, �1, 1��
��0, 1�, �1, �2�, �2, 0�, �3, 2��

B � ��2, �1, 0, 1, 2�A � �0, 1, 2, 3�

Domain Range

1998
1999
2000
2001
2002
2003
2004
2005

12
14
15
16
26

(Number of
North Atlantic
tropical storms
and hurricanes)

(Year)
National
League

American
League

Cubs
Pirates

Dodgers

Orioles
Yankees
Twins

Domain Range

−
−

2
1
0
1
2

3
4
5

Domain Range

−
−

2
1
0
1
2

5
6
7
8

Domain Range

1.3 Exercises See www.CalcChat.com for worked-out solutions to odd-numbered exercises.

Vocabulary Check

Fill in the blanks.

1. A relation that assigns to each element from a set of inputs, or _______ , exactly one element 
in a set of outputs, or _______ , is called a _______ .

2. For an equation that represents as a function of the _______ variable is the set of all in the domain,
and the _______ variable is the set of all in the range.

3. The function is an example of a _______ function.

4. If the domain of the function is not given, then the set of values of the independent variable for which 
the expression is defined is called the _______ .

5. In calculus, one of the basic definitions is that of a _______ , given by 
f �x � h� � f �x�

h
, h � 0.

f

f �x� � 	 x2

2x
�

�

4
1
,
,
 
 
x
x
≤

>
0
0

y
xx,y

yx

Input, x �3 �1 0 1 3

Output, y �9 �1 0 1 9

Input, x 10 7 4 7 10

Output, y 3 6 9 12 15

Input, x 0 3 9 12 15

Output, y 3 3 3 3 3
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110 Chapter 1 Functions and Their Graphs

Circulation of Newspapers In Exercises 11 and 12, use the
graph, which shows the circulation (in millions) of daily
newspapers in the United States. (Source: Editor &
Publisher Company)

11. Is the circulation of morning newspapers a function of the
year? Is the circulation of evening newspapers a function of
the year? Explain.

12. Let represent the circulation of evening newspapers in
year Find 

In Exercises 13–24, determine whether the equation
represents y as a function of x.

13. 14.

15. 16.

17. 18.

19. 20.

21. 22.

23. 24.

In Exercises 25 and 26, fill in the blanks using the specified
function and the given values of the independent variable.
Simplify the result.

25.

(a) (b)

(c) (d)

26.

(a)

(b)

(c)

(d)

In Exercises 27– 42, evaluate the function at each specified
value of the independent variable and simplify.

27.

(a) (b) (c)

28.

(a) (b) (c)

29.

(a) (b) (c)

30.

(a) (b) (c)

31.

(a) (b) (c)

32.

(a) (b) (c)

33.

(a) (b) (c)

34.

(a) (b) (c)

35.

(a) (b) (c)

36.

(a) (b) (c)

37.

(a) (b) (c)

38.

(a) (b) (c)

39.

(a) (b) (c)

40.

(a) (b) (c)

41.

(a) (b) (c) f �4�f �1�f ��2�

f �x� � 	
x � 2,

4,

x2 � 1,     

x < 0

0 ≤ x < 2

x ≥ 2

f �1�f �0�f ��2�

f �x� � 	x2 � 4,         x ≤ 0

1 � 2x2,       x > 0

f �2�f �1�f ��2�

f �x� � 	x2 � 2,         x ≤ 1

2x2 � 2,       x > 1

f �1�f �0�f ��2�

f �x� � 	2x � 5,

2 � x2,     

x ≤ 0

x > 0

f �2�f �0� f ��1�

f �x� � 	2x � 1,       x < 0

2x � 2,       x ≥ 0

f �t�f ��4�f �4�
f �x� � �x� � 4

f �t�f ��3�f �3�

f �x� � �x�
x

q��x�q�0�q�2�

q�t� �
2t 2 � 3

t 2

q�y � 3�q�3�q�0�

q�x� �
1

x2 � 9

f �x � 8�f �1�f ��8�
f �x� � �x � 8 � 2

f �4x2�f �0.25�f �4�
f �y� � 3 � �y

V�2r�V �3
2�V�3�

V�r� �
4
3�r3

h�x � 2�h�1.5�h�2�
h�t� � t2 � 2t

g�s � 2�g� 7
3 �g�0�

g�y� � 7 � 3y

f �t � 2�f ��4�f �2�
f �t� � 3t � 1

g�x � c� � ���2
� 2���

g�t � 1� � ���2
� 2���

g��3� � ���2
� 2���

g�2� � ���2
� 2���

g�x� � x2 � 2x

f �x � c� �
1

��� � 1
f �4t� �

1

��� � 1

f �0� �
1

��� � 1
f �4� �

1

��� � 1

f �x� �
1

x � 1

y � 8x � �7
�y� � 4 � xy � �4 � x�
x � y2 � 3y 2 � x 2 � 1

x � �y � 52x � 3y � 4

y � �x � 5y � �x2 � 1

x � y 2 � 1x 2 � y 2 � 4

f �2004�.x.
f �x�

Year

C
ir

cu
la

tio
n 

(i
n 

m
ill

io
ns

)

1996 19981997 2000 20011999 2002 2003

10

20

30

40

50

2004

60

Morning
Evening
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Section 1.3 Functions 111

42.

(a) (b) (c)

In Exercises 43– 46, complete the table.

43.

44.

45.

46.

In Exercises 47–50, find all real values of such that

47. 48.

49. 50.

In Exercises 51 and 52, find the value(s) of for which

51.

52.

In Exercises 53–62, find the domain of the function.

53. 54.

55. 56.

57. 58.

59. 60.

61. 62.

In Exercises 63–66, use a graphing utility to graph the
function. Find the domain and range of the function.

63. 64.

65. 66.

In Exercises 67–70, assume that the domain of is 
the set Determine the set of ordered
pairs representing the function 

67. 68.

69. 70.

71. Geometry Write the area of a circle as a function of its
circumference 

72. Geometry Write the area of an equilateral triangle as a
function of the length of its sides.

73. Exploration The cost per unit to produce a radio model is
$60. The manufacturer charges $90 per unit for orders of
100 or less. To encourage large orders, the manufacturer
reduces the charge by $0.15 per radio for each unit ordered
in excess of 100 (for example, there would be a charge of
$87 per radio for an order size of 120).

(a) The table shows the profit (in dollars) for various
numbers of units ordered, Use the table to estimate
the maximum profit.

(b) Plot the points from the table in part (a). Does the
relation defined by the ordered pairs represent as a
function of 

(c) If is a function of write the function and determine
its domain.

x,P

x?
P

�x, P�

x.
P

s
A

C.
A

f �x� � �x � 1�f �x� � �x� � 2

f �x� � x2 � 3f �x� � x2

f.
A � {�2, �1, 0, 1, 2}.

f

g�x� � �x � 5�g�x� � �2x � 3�
f �x� � �x2 � 1f �x� � �4 � x2

f �x� �
�x � 6
6 � x

g�y� �
y � 2

�y � 10

h�x� �
10

x 2 � 2x
g�x� �

1

x
�

3

x � 2

f �x� � 4�x2 � 3xf �x� � 3�x � 4

s� y� �
3y

y � 5
h�t� �

4

t

g�x� � 1 � 2x2f �x� � 5x2 � 2x � 1

g�x� � 7x � 5f �x� � x2 � 2x � 1,

g�x� � x � 2f �x� � x2,

f �x
 � g�x
.
x

f �x� �
2x � 3

7
f �x� �

3x � 4

5

f �x� � 5x � 1f �x� � 15 � 3x

f �x
 � 0.
x

h�x� � 	9 � x 2,      x < 3

x � 3,        x ≥ 3

f �x� � 	�
1
2x � 4,       x ≤ 0

�x � 2�2,        x > 0

f �s� � �s � 2�
s � 2

h�t� �
1
2�t � 3�

f �1� f �1
2�f ��2�

f �x� � 	
5 � 2x,

5,

4x � 1,     

x < 0

0 ≤ x < 1

x ≥ 1

t �5 �4 �3 �2 �1

h�t�

s 0 1 3
2

5
2

4

f �s�

x �2 �1 0 1 2

f �x�

x 1 2 3 4 5

h�x�
Units, x Profit, P

110 3135

120 3240

130 3315

140 3360

150 3375

160 3360

170 3315
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112 Chapter 1 Functions and Their Graphs

74. Exploration An open box of maximum volume is to be
made from a square piece of material, 24 centimeters on a
side, by cutting equal squares from the corners and turning
up the sides (see figure).

(a) The table shows the volume (in cubic centimeters) of
the box for various heights (in centimeters). Use the
table to estimate the maximum volume.

(b) Plot the points from the table in part (a). Does the
relation defined by the ordered pairs represent as a
function of 

(c) If is a function of write the function and determine
its domain.

(d) Use a graphing utility to plot the point from the table in
part (a) with the function from part (c). How closely
does the function represent the data? Explain.

75. Geometry A right triangle is formed in the first quadrant
by the and axes and a line through the point see
figure Write the area of the triangle as a function of 
and determine the domain of the function.

76. Geometry A rectangle is bounded by the -axis and the
semicircle (see figure). Write the area of
the rectangle as a function of and determine the domain
of the function.

77. Postal Regulations A rectangular package to be sent by
the U.S. Postal Service can have a maximum combined
length and girth (perimeter of a cross section) of 108 inches
(see figure).

(a) Write the volume of the package as a function of 
What is the domain of the function?

(b) Use a graphing utility to graph the function. Be sure to
use an appropriate viewing window. 

(c) What dimensions will maximize the volume of the
package? Explain.

78. Cost, Revenue, and Profit A company produces a toy for
which the variable cost is $12.30 per unit and the fixed
costs are $98,000. The toy sells for $17.98. Let be the
number of units produced and sold.

(a) The total cost for a business is the sum of the variable
cost and the fixed costs. Write the total cost as a
function of the number of units produced.

(b) Write the revenue as a function of the number of
units sold.

(c) Write the profit as a function of the number of units
sold. (Note: P � R � C.�

P

R

C

x

x.V

y

x

x

y x=    36 − 2

y

2 4 6−2

−2

−4−6

4 ( , )x  y

x

2

8

x,
Ay � �36 � x2

x

321 4

1

2

3

4

(2, 1)

(0, )y

( , 0)x
x

y

x,A�.
�2, 1� �y-x-

x x24 − 2x

x

24 − 2x

x,V

x?
V

�x, V�

x
V

Height, x Volume, V

1 484

2 800

3 972

4 1024

5 980

6 864
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Section 1.3 Functions 113

Revenue In Exercises 79– 82, use the table, which shows
the monthly revenue y (in thousands of dollars) of a
landscaping business for each month of 2006, with 
representing January.

A mathematical model that represents the data is

79. What is the domain of each part of the piecewise-defined
function? Explain your reasoning.

80. Use the mathematical model to find Interpret your
result in the context of the problem.

81. Use the mathematical model to find Interpret your
result in the context of the problem.

82. How do the values obtained from the model in Exercises 80
and 81 compare with the actual data values?

83. Motor Vehicles The numbers (in billions) of miles
traveled by vans, pickup trucks, and sport utility vehicles in
the United States from 1990 to 2003 can be approximated
by the model

where represents the year, with corresponding to
1990. Use the table feature of a graphing utility to approx-
imate the number of miles traveled by vans, pickup trucks,
and sport utility vehicles for each year from 1990 to 2003.
(Source: U.S. Federal Highway Administration)

Figure for 83

84. Transportation For groups of 80 or more people, a
charter bus company determines the rate per person
according to the formula

where the rate is given in dollars and is the number of
people.

(a) Write the revenue of the bus company as a function
of 

(b) Use the function from part (a) to complete the table.
What can you conclude?

(c) Use a graphing utility to graph and determine the
number of people that will produce a maximum
revenue. Compare the result with your conclusion from
part (b).

85. Physics The force (in tons) of water against the face of
a dam is estimated by the function 

where is the depth of the water (in feet). 

(a) Complete the table. What can you conclude from it?

(b) Use a graphing utility to graph the function. Describe
your viewing window.

(c) Use the table to approximate the depth at which the
force against the dam is 1,000,000 tons. How could you
find a better estimate?

(d) Verify your answer in part (c) graphically.

y

F�y� � 149.76�10y 5
2

F

R

n.
R

n

Rate � 8 � 0.05�n � 80�,  n ≥ 80

100

0 1 2 3 4 5 6 7 8 9 10 11 12 13

200
300
400
500
600
700
800
900

1000

M
ile

s 
tr

av
el

ed
 (

in
 b

ill
io

ns
)

Year (0 ↔ 1990)

t

n

t � 0t

n�t� � 	�6.13t2 � 75.8t � 577,     
24.9t � 672,

0 ≤ t ≤ 6
6 < t ≤ 13

n

f �11�.

f �5�.

f �x
 � 	�1.97x 1 26.3
0.505x2 � 1.47x 1 6.3

.

x � 1

Month, x Revenue, y

1 5.2

2 5.6

3 6.6

4 8.3

5 11.5

6 15.8

7 12.8

8 10.1

9 8.6

10 6.9

11 4.5

12 2.7

n 90 100 110 120 130 140 150

R�n�

y 5 10 20 30 40

F�y�
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86. Data Analysis The graph shows the retail sales (in
billions of dollars) of prescription drugs in the United
States from 1995 through 2004. Let represent the retail
sales in year (Source: National Association of Chain
Drug Stores)

(a) Find 

(b) Find 

and interpret the result in the context of the problem.

(c) An approximate model for the function is

where is the retail sales (in billions of dollars) and 
represents the year, with corresponding to 1995.
Complete the table and compare the results with the
data in the graph.

(d) Use a graphing utility to graph the model and the data
in the same viewing window. Comment on the validity
of the model.

In Exercises 87–92, find the difference quotient and simplify
your answer.

87.

88.

89.

90.

91.

92.

Synthesis

True or False? In Exercises 93 and 94, determine whether
the statement is true or false. Justify your answer.

93. The domain of the function is 
and the range of is 

94. The set of ordered pairs 
represents a function.

Library of Parent Functions In Exercises 95–98, write a
piecewise-defined function for the graph shown.

95. 96.

97. 98.

99. Writing In your own words, explain the meanings of
domain and range.

100. Think About It Describe an advantage of function
notation.

Skills Review

In Exercises 101–104, perform the operation and simplify.

101. 102.

103.

104.
x � 7

2�x � 9� 	
x � 7

2�x � 9�

2x3 � 11x2 � 6x
5x



x � 10

2x2 � 5x � 3

3
x2 � x � 20

�
x

x2 � 4x � 5
12 �

4
x � 2

y

x

(−2, 4)

(6, −1)

(4, 1)

(1, 1)

(0, 0)
−2−4−6 42

−4

4

6

8

y

x

(−2, 4)

(−4, 6)

(3, 4)

(5, 6)

−4−6 −2 2 4 6

10

6

2

y

x
(−1, 0) (0, 1)

(2, 3)

−2 1 2 3

−2

−1

−3

3

2

y

x

(−4, 0)

(0, 4)

(2, 0)

−3−2−1 1 3 4

−3
−2

1
2

4
5

�2, �2���0, 4�,��2, 2�,
��4, 0�,��6, 0�,���8, �2�,

�0, ��.f �x�
���, ��,f �x� � x 4 � 1

f �x� � f �7�
x � 7

,    x � 7f �x� �
4

x � 1
,

f �t� � f �1�
t � 1

,    t � 1f �t� �
1
t
,

f �x � h� � f �x�
h

,    h � 0 f �x� � x3 � x,

f �2 � h� � f �2�
h

,    h � 0 f �x� � x2 � x � 1,

g�x � h� � g�x�
h

,    h � 0g�x� � 3x � 1,

f �x � c� � f �x�
c

,    c � 0 f �x� � 2x,

t � 5
tP

5 ≤ t ≤ 14
P�t� � �0.0982t3 � 3.365t2 � 18.85t � 94.8,

f �2004� � f �1995�
2004 � 1995

f �2000�.
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f(x)

x.
f �x�
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The symbol indicates an example or exercise that highlights algebraic techniques specifically used in calculus.

t 5 6 7 8 9 10 11 12 13 14

P�t�
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